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In a magnetized dusty plasma, Hall effect can arise due to collisional processes when, e.g., ion-dust
collision decouples the ions from the magnetic field. In this case, due to the dust stoppage of the
ions, the Hall electric field can be generated over large scales. The same collisional processes are
also responsible for dust charge fluctuations. Therefore, the Hall effect and dust charge fluctuations
are intricately linked to each other through the same mechanism. The inertial scale over which the
Hall effect is dynamically important depends not only on the value of the grain charge times the
ratio of the grain to the plasma �ion� number densities but also on the ratio of the ion-dust to the
electron-dust collision frequencies. This scale can become arbitrarily large when these collision
frequencies are comparable. We show that the charge dynamics, though linked to the Hall scale,
does not directly affect the low frequency waves in the medium. Since charge fluctuation modifies
the length scale over which Hall operates, the normal mode in such a medium is only indirectly
affected although wave suffers weak damping due to collision. © 2009 American Institute of
Physics. �DOI: 10.1063/1.3207862�

I. INTRODUCTION

The presence of charged, micron sized dust particles can
affect the space as well as laboratory environment. For ex-
ample, it is believed that dust is responsible for formation of
spokes in the Saturn’s ring. The formation of stars and plan-
ets are facilitated by the condensation of the dust grain com-
ponent. Therefore, space and astrophysical plasmas such as
those in the cometary tails, molecular clouds, and planetary
nebulae, etc., are in general complex dusty plasmas.1–5 In the
laboratory environment, interaction of plasmas with chamber
walls can affect efficiency and lifetime of various devices.6

For example, the characteristics of Hall thruster, also known
as closed-drift thruster, crucially depend on the interaction of
the plasma with the wall impurities.7,8 In fusion devices, im-
pact of dust on the plasma near first wall is not well under-
stood. It is believed, however, that dynamics of dust particles
near the wall may significantly modify plasma properties.9–13

In a number of electronic devices, e.g., thermal emission
converters, plasma diodes and plasma surface deposition and
etching devices, in which plasma is confined by the magnetic
field of various geometries, the presence of natural contami-
nation or dust modifies plasma properties. For example, the
dust contamination of devices with pulsed external current
circuits �e.g., thermal emission converters and plasma di-
odes� can induce the temperature-gradient driven flows of
ions.14 The charged dust in the plasma sheath often provides
a diagnostic tool of the sheath characteristics.6,15,16 Thus,
dust is an important constituent of many space and labora-
tory plasmas. Owing to the complexities of the dusty me-
dium, by complex dusty plasmas, we shall imply here a
three-component plasma consisting of electrons, ions, and

charged grains.17,18 The role of neutral particles will be com-
pletely neglected. It is known that even in such a simple
model, novel spatial and temporal scales appear in the
system.6,19–24

Although charging of the grain could be due to several
competing physical processes occurring simultaneously, in-
elastic collision of the plasma particles with the grain is one
of the most important charging mechanisms. The dust sur-
face acts as a physical, thermal, and momentum sink for the
plasma particles.6,10,19,21,22 For example, if the plasma par-
ticle sticks to the dust surface, it cannot carry the momentum
because it is attached to an essentially immobile dust. There-
fore, plasma charge and current density may plummet in the
presence of dust particle. The ambient physical conditions
determine the details of plasma sticking and ensuing recom-
bination on the grain surface. As an example, in the planetary
rings, grains may carry more than a thousand electronic
charge,23,24 whereas in the dark molecular clouds, which is
very cold ��10–100 K�, grains may have �2, �1, and 0
charges.3,5 Therefore, the grain charging could be modeled
either as stochastic or continuous process. In the present
work, we shall model the grain charging in the framework of
a continuum model.

The dust particles are generally much heavier than the
plasma particles and this large difference offers for consid-
erable simplification and the dynamics of a dusty plasma can
be meaningfully investigated in either of the two limits: �i�
the dust particles in the plasma can be assumed micron sized
and immobile. Therefore, dust will provide a stationary back-
ground for the perturbations propagating in the plasma, or,
�ii� the perturbations are of the order of or less than the
typical plasma frequencies of the dusty fluid �of order a few
hertz for micrometer-scale dust grains� and wavelengths are
visible to the bare eyes. As the purpose of the present paper
is to demonstrate the interrelationship between the charge
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fluctuation and the Hall effect, we shall keep the model
simple and assume an immobile dusty background.17,18,20

The collisional, magnetized dusty medium is inherently
dispersive. In an immobile dusty background, in the absence
of collisions, the motion of the lighter plasma component
will cause a charge separation between plasma particles and
dust grains. This will invariably lead to the generation of an
electric field. However, in the presence of collisions, such a
field dominates the dissipative effects like Ohm diffusion
only if the electron and ion cyclotron frequencies exceed the
electron-dust and ion-dust collision frequencies,
respectively.25,26 Otherwise, resistive effects may smear the
Hall electric field completely. We shall assume that electrons
and ions are well magnetized and hence ignore the resistive
effect on the magnetic field evolution. This implies that the
fluid is frozen in the magnetic field and the Hall electric field
is caused by the relative drift of the plasma particles with
respect to the immobile dust. Physically, in the frame of sta-
tionary dust, this means that the relative drift between
plasma particles due to collisions is very small compared
with the transverse gyration of the particles across the mag-
netic field resulting locally in the plasma particles going
away or coming close to a stationary observer in the dust
frame resulting in a time-dependent Hall electric field. Thus
Hall field is generated over the plasma-cyclotron time scale
and, depending on the sign of the grain charge the Hall scale,
can become arbitrary large.20 Therefore, in many space en-
vironments, the Hall MHD could be the only proper descrip-
tion of the dusty plasma dynamics.20,27,28

The collisions between plasma particles and charged
grains are responsible for some novel features in the dusty
medium. The new collective behavior is known to exist in
such a plasma due to the dust charge fluctuations, an offshoot
of collision.19,29 In addition, collisional processes can
strongly influence the nonlinear wave modes in a dusty
medium.25,26,30 Indeed, plasma-dust collisions play an impor-
tant role in exciting parametric instability.27,28 Thus, it is de-
sirable to investigate the dynamics of such a plasma in the
presence of Hall effect and charge fluctuation simulta-
neously. We should also investigate the normal mode in such
a magnetized, dispersive, charge fluctuating dusty medium.

Therefore, the primary motivation of this work is to ex-
amine the inter-relationship between the charge fluctuation
and the Hall effect in a magnetized, collisional dusty me-
dium. It is shown that the dust charge fluctuations can sig-
nificantly modify the Hall scale and thus the inertial scale
over which Hall effect operates appears as a function of the
charge fluctuations. Furthermore, we investigate the effect of
the charge fluctuations on the wave properties of the medium
and show that it has no direct role in the normal mode be-
havior of the medium. The basic set of equations is discussed
in Sec. II. It is shown that although the dust particles provide
the stationary background, when the electrons and ions are
magnetized, the relative drift between the charged grains and
the plasma particles �electrons and ions� gives rise to the Hall
diffusion in the medium. The dependence of the Hall scale
on the collision frequencies and the dust charge suggests that
the Hall term in the induction equation can become compa-
rable to a representative inhomogeneity scale in the system.

In the low-frequency limit, the multifluid description of the
collisional dusty plasma can be reduced to the single fluid
description with the Hall effect. In Sec. III, the normal mode
behavior in such a plasma is investigated. In Sec. IV, the
discussion and summary of the work is given.

II. BASIC MODEL

We start with the three-component description of a cold
dusty plasma and assume that the dust grains provide a sta-
tionary background. The dynamics of such a plasma is given
in terms of the continuity and momentum equations for re-
spective species. The continuity equation is given by

�� j

�t
+ � · �� jv j� = − � jd�� j − �0j� . �1�

Here, � j is the mass density, v j is the velocity, and j stands
for electrons and ions. The collision term on the right hand
side is the moment of the Krooks operator.31 The plasma
density � j relaxes to �0j over the collisional time.

The momentum equations are

0 = − ene�E +
ve � B

c
� − �e�edve, �2�

�i
dvi

dt
= eni�E +

vi � B

c
� − �i�idvi. �3�

The electron inertia has been neglected while writing Eq. �2�.
In Eqs. �2� and �3�, we have the Lorentz force term with

E and B as the electric and magnetic fields, respectively, e is
the electric charge, Z is the number of charge on the grain, c
is the speed of light, nj is the number density, and � jd

=nd��v	 jd is the collision frequency of the dust with jth spe-
cies. The electron-dust and ion-dust collision rates for the
negatively charged grains are given by32

��v	ed = �a2Se� 8T

�me
�0.5
1 + � 1

4� + 3Z
�0.5�2

�exp − 
 Z1.5

��1 + Z0.5�� ,

�4�

��v	id = �a2Si� 8T

�mi
�0.5�1 +

�Z�
�
�
1 + 2

� + 2�Z�� .

While writing Eq. �4�, we assumed that the grains are spheri-
cal with radius a. Here, Sj is the sticking coefficients of the
jth plasma particle with the dust and �=aT /e2 with Te=Ti

=T. For the micron-sized grains carrying Z=10 electron
charge, the ion-dust collision rate in a 1 eV plasma with the
sticking coefficient Si=1 and Se=0.5 is

��v	id � 4 � 105T+4
1/2a−5

2 , �5�

where T+4 is the gas temperature and a−5 is the grain radius
in the units of 104 K and 10−5 cm, respectively. The
electron-grain collision rate for the micron-sized grain is

083704-2 B. P. Pandey and S. V. Vladimirov Phys. Plasmas 16, 083704 �2009�

Downloaded 22 Feb 2010 to 137.111.13.200. Redistribution subject to AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp



��v	ed = 4 � 10T+4
1/2a−5

2 , �6�

which is much smaller than the ion-dust collision rate. It is
clear from Eq. �4� that the electron-dust collision rate drops
almost to zero when grains acquire 100 or more negative
charge. Clearly, it is difficult to imagine grains acquiring 104

charge in this model as the probability of an electron collid-
ing with the grains is close to zero for Z�100. Therefore,
the above collisional model is limited and cannot describe
grains carrying a large number of electron charges.

Note that the plasma-dust collisions are not only respon-
sible for the dust charging but �depending upon the electron
affinity of the dust material and the ambient physical condi-
tions� they can as well knock off the electrons from the dust
surface. Therefore, in general, we should have an additional
term in Eqs. �1�–�3� representing the collisional discharging
of grains. However, since collisional detachment from the
dust surfaces requires higher pressure and temperature,33 its
role in the present cold dusty plasma model has been ne-
glected.

We define �=�e+�i��i, �0=�0e+�0i��0i, and v= ��ivi

+�eve� /��vi. The continuity and the momentum equations
for the bulk fluid are

��

�t
+ ���v� = − �id�� − �0� , �7�

�
dv

dt
= − ZendE +

J � B

c
− ��idv , �8�

where use has been made of the plasma quasineutrality con-
dition ni+Znd=ne while writing Eq. �8�. The current density
J=−eneve+enivi. We note that, while deriving continuity and
momentum equations, we assumed the negligible electron
inertia and thus the electron-dust collisions do not contribute
significantly to the momentum of the bulk fluid.

In order to derive the dust charge fluctuation equation,
we use the charge conservation equation

��c

�t
+ � · J = 0, �9�

where �c=−ene+eni+Zend is the charge density. Making use
of Eq. �1� in the above equation, we obtain following charge
fluctuation equation:

dZ

dt
=

�id�ni − n0i� − �ed�ne − n0e�
nd

. �10�

We note that the grain charge relaxes to its equilibrium value
Z0 over the collisional time, only if the ambipolar condition,
�idn0i=�edn0e, is satisfied around the Debye sphere of the
grain. The ambipolar condition around a spherical grain sur-
face is similar to the condition in a plasma sheath, which
forms in bounded plasmas in order to prevent the runaway
electric field at the wall.

Making use of � jd=nd��v	 jd and quasineutrality condi-
tion, the charge fluctuation equation can be recast as

dZ

dt
+ �edZ = �� , �11�

where mi�= ��v	id− ��v	ed is the difference between the
electron-dust and ion-dust collision rates. While writing Eq.
�11�, we have assumed �idn0i=�edn0e. Equation �11� connects
the dust charge equation to the plasma mass density. The dust
charge Eq. �11� can be rewritten in the familiar form22

dQ

dt
= Ie + Ii, �12�

if we write the electron and ion currents as

Ie = − ene��v	ed,

�13�
Ii = eni��v	id.

Then writing Ie+ Ii=e��−Ze�ed, we recover Eq. �11� from
Eq. �12�.

It is clear from Eq. �11� that when �id=�ed, i.e., �=0, the
charge on the dust decays exponentially as Z=Z0e−��edt�.
Thus, the ambipolar condition under which Eq. �11� has been
derived reduces to n0i=n0e implying Z0=0. Therefore, if the
electrons and ions collide to the dust at equal rates at some
initial time t=0, the dust will not carry any charge as instan-
taneous recombination will destroy any residual charge on
the grain surface. This is consistent with the fact that grain
charging occurs precisely because of the difference between
collision rates of the plasma particles. We note that the form
of Eq. �11� will remain unchanged in both unmagnetized and
magnetized cases since it has been derived from the general,
charge conservation equation. The presence of a magnetic
field will affect only the collision frequencies in the trans-
verse �to the ambient field� direction. Since the purpose of
this work is to explore the inter-relationship between charge
fluctuation and Hall effect, role of the magnetic field on
modifying the plasma-dust collision rates will have no direct
bearing on the present investigation.

As noted above, in an immobile dusty background, the
motion of the lighter plasma component causes a charge
separation between plasma particles and dust grains. This
invariably leads to the generation of an electric field. Defin-
ing 	cj =eB /mjc as the cyclotron frequency of the plasma
particle, we can quantify the level of the plasma magnetiza-
tion by defining the Hall parameter, 
 j =	cj /� jd, which mea-
sures the relative strength of the Lorentz force term against
the collisional momentum exchange term. In 
e�
i�1
limit, i.e., when the electrons and ions are strongly magne-
tized, writing

ve = �1 −
Znd

ne
�v −

J

ene
�14�

from the electron momentum equation, cE+ve�B=0, we
get following induction equation:20

�B

�t
= � � �
�1 −

Znd

ne
�v � B� − �J � B

ene
�� . �15�

Note that unlike ideal MHD, where relative drift between the
electrons and ions is responsible for the Hall effect, the pres-
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ence of immobile dust is responsible for the current and en-
suing Hall effect. Indeed, even when relative drift between
the electrons and ions is zero, a nonzero current J
=−Zendve may still exist due to the presence of charged dust.
Therefore, the Hall effect in a dusty plasma can in general
appear either due to the relative drift between plasma par-
ticles or due to the presence of charged grains.20

It is clear from the induction equation that the character-
istic convective and Hall time scales are

tconv =
L

�1 −
Znd

ne
�vA

, tHall = �1 +
Znd

ni
�� L

�i
�tAlf, �16�

where L is the typical length of the inhomogeneity of the
system, �i=vA /	ci is the ion skin depth where vA=B /4��
is the Alfvén speed and tAlf=L /vA is the Alfvén crossing
time. Since, from Eq. �11�,

Znd

ni
�

1 − �id/�ed

1 + 	/�ed
� �1 −

�id

�ed
� , �17�

the Hall time can be written as

tHall � �1 −
�id

�ed
�� L

�i
�tAlf. �18�

Clearly, temporal scale of the Hall effect depends on the
grain charge fluctuations. Equation �4� suggests that, at some
initial time t=0, the electron-dust collision rate is larger than
the ion-dust collision rate and thus the electrons stick to the
grains at a faster rate than the ions. This results in the local
imbalance of the plasma particles. Therefore, there are two
processes occurring near an immobile dust grain: the plasma
oscillates to offset the local charge imbalance and the gyra-
tion of plasma particles against the magnetic field. Thus, the
time over which the electric field generation against the fixed
dust background takes place is proportional to the ratio of the
plasma and cyclotron frequencies and inversely proportional
to the quasineutrality factor20 �1−Znd /ne�. With the grain
becoming more and more negative, the electron-dust colli-
sions start to drop exponentially and the ion-dust collisions
start to increase. However, when both these frequency match
each other, the grain relaxes to zero equilibrium value and
thus J→0 and the Hall effect disappears. Therefore, when
both plasma collision frequencies exactly match, i.e., �id

=�ed, The Hall term in the above expression, Eq. �18�, dis-
appears and the fluid, instead of being frozen in the field and
plasma vortex,20 becomes frozen only in the field.

In the ideal MHD, the Hall effect appears in Eq. �15� as
an additional term proportional to the ion-inertial length �i,
which implies that if the dynamical scale is small enough,
this effect becomes important. The Hall effect is therefore
often ignored while studying large-scale macroscopic prop-
erties of the fluid. In a dusty plasma, however, this inertial
scale is

�Hall =
�i

�1 −
Znd

ne
��1 −

�id

�ed
� . �19�

Therefore, the Hall effect operates on the modified ion-
inertial scale and depends on the grain charge fluctuation.
The scale over which the Hall effect operates could become
large when �id→�ed. However, since �id→�ed, it also im-
plies that J→0, and the Hall field �J�B becomes very
weak. Therefore, there is a tradeoff between Hall scale and
the strength of the Hall field in the �id→�ed limit. We can
conclude that the grain charge fluctuations and the Hall effect
are inherently linked to each other in a dusty plasma. In the
absence of charge fluctuations, �Hall reduces to the known
expression.20

The set of Eqs. �7�, �8�, and �15� along with Maxwell’s
equation,

� � E = −
1

c

�B

�t
, �20�

forms a complete set. We shall utilize these equations to
investigate the wave properties in a charge fluctuating mag-
netized medium.

III. WAVES IN THE MEDIUM

We investigate wave properties of the medium by as-
suming that dust provides the fixed background. The role of
dust on the normal mode behavior of the medium is reflected
through the collisions with the plasma particles. Although the
charge dynamics Eq. �11� is part of the basic set of equations,
it plays no role except indirectly affecting the inertial scale
over which Hall effect operates. A homogeneous background
with no flow �v=0� and E=0 is assumed. The linearized
Eqs. �7�, �8�, �15�, and �20� can be written as

���

�t
+ � · ���v� = − �id�� , �21�

�
��v

�t
= − Zend�E +

�J � B

c
− ��id�v , �22�

��B

�t
= R � � ��v � B� − � �

�J � B

ene
, �23�

� � �E = −
1

c

��B

�t
, �24�

where R= �1−Znd /ne�, and

� � �B =
4�

c
�J . �25�

The linearized quantities �f are proportional to exp�i	t
+ ik ·x� where 	 is angular frequency and k is the wave
vector. Defining 	̄= �	− i�id�, Eqs. �21� and �22� can be writ-
ten as

	̄�� + �k · �v = 0, �26�
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i	̄�v = −
Zend

�
�E +

i��k · B��B − �B · �B�k�
4��

. �27�

Since focus of the present work is low frequency fluctua-
tions, it is assumed that the plasma quasineutrality is main-
tained to the linear order, i.e., �ni+nd�Z=�ne implying
k ·�E=0. Hence charge fluctuation does not enter the linear-
ized Eqs. �21�–�25� directly. In order to see why charge dy-
namics gets decoupled from the bulk fluid dynamics in the
low frequency limit, we see from Eq. �11� that 	�id ,�ed

implies �id��ed. Thus, the bulk fluid momentum is not
modified due to the charge fluctuations. What if there is a
charge build up and k ·�E�0? In such an event, the typical
time scale over which plasma responds to offset this charge
build up occurs over electron and ion plasma time scales,
thus, the high frequency response of the medium needs to be
considered. The electron and ion inertia will become impor-
tant in this case and present single fluid formulation is no
longer valid since collision will not be able to glue the me-
dium together. Rather, it will cause the dissipation of the
high frequency waves.

Dotting Eq. �27� with k, we obtain

	̄k · �v =
− k2

4��
�B · �B� . �28�

Making use of k2�E=−�	 /c�k��B, Eq. �27� can be written
as

	̄�v =
��k · B��B − �B · �B�k�

4��
− i

Zend

�
� 	

ck2��k � �B� .

�29�

The induction Eq. �23� is given by

i	�B = iR��k · B��v − �k · �v�B� +
	A

2�k̂ � �B

	ci
. �30�

Here, k̂=k / �k�, B̂=B / �B�, k̂ · B̂=cos ���, 	A
2 =k2VA

2 , and
VA

2 =B2 / �4���. Making use of Eqs. �28� and �29�, the induc-
tion Eq. �30� can be written as

�	̄	 − R�2	A
2��B = R	A

2�B̂ · �B��B̂ − k̂��

+ i	̄	ci��RF
	

	̄
−

	A
2

	ci
2 ��k̂ � �B� .

�31�

Here, F=Znd /ne. We note that in the absence of collisions,
Eq. �31� is identical to Eq. �27� of Ref. 20. We obtain the
following dispersion relation from Eq. �31�:

�	̄	 − R�2	A
2��	̄	 − R	A

2� − �2	ci
2 	̄2�RF

	

	̄
−

	A
2

	ci
2 �2

= 0.

�32�

In the absence of collisions, when the wavevector is aligned
to the ambient magnetic field, i.e., �=1, Eq. �32� reduces to
the form

	2 = R	A
2 � 		ci�RF −

	A
2

	ci
2 � , �33�

which is identical to Eq. �29� of Ref. 20. Note that in the
absence of dust, i.e., when R=1 and F=0, Eq. �33� describes
the Alfvén, whistler, and ion-cyclotron modes, which are
normal modes in a two-component Hall MHD. In a dusty
plasma, these modes are considerably modified. For ex-
ample, in the low frequency limit, 	2	A

2 , ignoring the term
	2, dispersion relation Eq. �33� describes the dust-modified
low frequency ion-cyclotron wave 	=R	ci �when 	A

2 /	ci
2

�RF� and high frequency whistler 	=	A
2 / �F	ci� modes.

The condition for the whistler excitation, i.e., the ambient
physical conditions under which the fluctuations at 	A

2 /	ci
2

RF can exist in the medium, can be restated in terms of the
ion-skin depth and the wavelength of fluctuations as �i��
since R� �0,1� and F� �0,1�. Recall that since the Hall ef-
fect is the cause of circularly polarized whistler modes,31 the
condition �i�� in an electron-ion plasma implies that the
spatial extent of the Hall field is much smaller than the wave-
length of the fluctuations. Therefore, the Hall effect ceases to
operate on wavelengths longer than the ion-skin depth and
propagation of the whistler waves in such a plasma is not
possible. However, in a dusty plasma medium, since the Hall
effect operates at modified ion-skin depth, Eq. �19�, whistlers
with the fluctuation wavelength ���i can be easily excited
in the medium. Therefore, although the physical mechanism
of the low frequency normal mode propagation in a dusty
medium is similar to the electron-ion plasma, the spatial and
temporal scales are very different. Note that since R
� �0,1� and F� �0,1�, cyclotron waves in a dusty medium
have generally much lower frequency than in the usual two
�component electron� ion plasma �whereas opposite is true
for the whistlers�.

In the 	A
2 	2 limit, dispersion relation reduces to 	2

=R	A
2 , which describes the modified Alfvén wave. In a col-

lisionless dusty medium, Alfvén waves can disappear when
R becomes very small, i.e., Znd�ne implying that there are
hardly many ions in the system. It may appear that Alfvén
waves in the present case disappear due to the infinite mass
of the grains. However, the bulk fluid consists of electrons
and ions and the Alfvén velocity is due to the balance of the
ion inertia with the magnetic deformation. Therefore, there is
no direct role of the infinite dust inertia in this picture. The
dust affects the bulk plasma medium only through the
quasineutrality, i.e., through the local electric field.17,18,20

Clearly, the wave propagation threshold in a negatively
charged dusty medium could be higher than in a fully ionized
two-component electron-ion plasma.

In the presence of collisions, we first investigate when
the fluctuations are parallel to the background field, i.e.,
�B �B. Then the dispersion relation is given by

	2 − i�id	 − R	A
2 = 0. �34�

One readily recognizes the damped Alfvén mode with 	r
2

=R	A
2 −�id

2 /2 and 	i=�id /2, where 	=	r+ i	i. Therefore,
Alfvén waves can disappear in a collisional dusty medium
either due to the severe collisional damping �the damping
rate ��id� or when R becomes very small.
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When the magnetic perturbation is perpendicular to the
ambient magnetic field, �B�B, the dispersion relation be-
comes

�	 � �
	A

2

	ci
��	 − i�id� = R�2	A

2 � RF�		ci. �35�

Equation �35� describes a mixture of damped Alfvén and
ion-cyclotron modes. Furthermore, when �=0, i.e., k�B,
we have either 	=0 or 	= i�id, i.e., a purely imaginary value
indicating damping of the oscillations. In the 	2	A

2 limit,
dispersion relation �35� gives the damped ion-cyclotron
mode

	 = R�	ci + i�id, �36�

with the damping rate 	i=�id. The threshold of the modified
ion-cyclotron mode is controlled by the orientation of its
wavevector with respect to the ambient magnetic field. Since
�� �0,1�, the maximum threshold is when �=1. The exci-
tation of the ion-cyclotron mode in a two-component plasma
is related to the finite ion Larmor radius effect, i.e., to the
electric field over the ion gyroradius. In three component
dusty plasma such a wave is excited because of the presence
of the Hall electric field, which is generated when the ion
moves against the fixed dusty background. The Hall field is
locally caused due to the quasineutrality constraint. Since we
are considering low frequency fluctuations in the present
case, collisions play the dual role of gluing the medium to-
gether and simultaneously causing the charge to fluctuate.
This dual role of collisions is reflected in the modified ion-
inertial scale. Unlike the ion-inertial scale of a two-
component plasma, it is the combination of the Debye scaled
local field and gyroradius over which dusty electrostatic ion-
cyclotron mode operates. The role of such an electric field in
rotating plasma is well known.20,34

The damped electromagnetic whistler dispersion relation
becomes

	 =
�

F

	A
2

	ci
− i

�id

RF

	A
2

	ci
2 , �37�

with the damping rate ��id. When 	A
2 	2, we recover the

dispersion relation for the damped Alfvén wave.
The normal mode investigation of the dusty medium in

various limit shows that although the behavior is similar to
the usual two-component electron-ion plasma, the temporal
and spatial scales over which the modes can be excited are
quite different. This is consistent with the physical picture
that massive dust introduces new scales in the system. The
charge fluctuations only indirectly affect the wave behavior
of the medium. This is due to the fact that, for very low
frequency waves, the plasma maintains overall quasineutral-
ity and any effect of the charge fluctuating field is completely
smeared on the normal mode of the system.

IV. DISCUSSIONS AND SUMMARY

The Hall MHD description of a fully ionized two-
component plasma assumes that the relative drift between
electrons and ions is nonzero and, therefore, the scale of
symmetry breaking with respect to the magnetic field occurs

over the ion inertial scale. This scale is generally very small.
In a dusty plasma, the Hall effect can be caused by the mere
presence of immobile �or mobile� dust grains.20 Collisions
between plasma particles and charged dust can as well break
the symmetry between electrons and ions with respect to the
magnetic field and can cause the Hall electric field.25 Colli-
sions are also linked to the dust charge fluctuations in a dusty
plasma and the dynamics of such a plasma is significantly
modified in the presence of charge fluctuations.19 It should
be expected then that the plasma-dust collisions will cause
both the Hall field and charge fluctuation simultaneously.
Therefore, it is not surprising that the ion-inertial scale in
dusty plasma is a function of both collisonal frequencies and
dust charge. The magnetic field plays an important role in
grain charging �e.g., the collision frequencies are consider-
ably modified and the charging is not spherically symmetric�.
However, since the conclusions of the present work are not
dependent upon the exact expressions for these frequencies,
the results presented here have broader validity.

The charge fluctuations do not directly affect the low
frequency wave properties of the dusty medium. This is re-
lated to the fact that the dynamical response time of the
plasma to the charge fluctuations occurs over fast time
scales, whereas the low frequency modes are not directly
affected by the charge fluctuations. However, the charge
fluctuations considerably modify the Hall scale and thus their
effect on the wave properties of the medium is felt via the
Hall field operating over scales considerably larger than the
ion-skin depth. Since collisions between plasma and dust
particles are the primary cause of the grain charge fluctua-
tions, inclusion of the collisions not only makes the three-
component plasma moving together as a single bulk fluid but
they also cause weak damping of the modes.

The wave properties of the medium are not modified
directly in the charge fluctuating medium. Since the modified
ion-inertial scale is �1 / ��ed−�id�, whistlers of very large
wavelengths can be excited in the medium in the vicinity of
�ed��id, i.e., when the grain charge approaches a stationary
value. This feature is entirely novel to the dusty medium and
may have important applications to astrophysical plasmas.

Following is the brief summary of the work.

�1� In a magnetized, collisional dusty plasma, the Hall elec-
tric field and charge fluctuations are related to each
other. The modified ion-inertial scale in such a plasma
becomes a function of both dust number densities
�Z�nd /ne and collisional parameters �ed /�id.

�2� The modified ion-inertial scale can become arbitrary
large in a charge fluctuating dusty plasma due to
�Z�nd /ne→1 or �ed→�id limit. This is due to the fact
that symmetry breaking with respect to the magnetic
field is caused by the grain inertia, as well as by colli-
sions. Therefore, the Hall scale is a function of both the
collision frequencies and the plasma densities.

�3� The behavior of normal modes in a dusty medium is
significantly modified. Although the physical mecha-
nism of the low frequency normal mode propagation in a
dusty medium is similar to the electron-ion plasma, the
spatial and temporal scales are very different.
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�4� When electron-dust and ion-dust collision frequencies
become comparable, the charge on the grain will acquire
a stationary value. In this limit, the wavelength of the
whistler can become arbitrary large.

�5� The collision plays dual role in the dusty medium. Col-
lision may glue the medium together as a single fluid
and thus, undamped low frequency waves can propagate
in the medium. However, collision also causes a weak
dissipation of the fluctuation energy.
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